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Abstract 

We construct a class of infinite-dimensional Frobenius manifolds on the space 
of pairs of certain even functions meromorphic inside or outside the unit circle. 
Via a bi-Hamiltonian recursion relation, the principal hierarchies associated to 
such Frobenius manifolds are found to be certain extensions of the dispersion- 
less two-component BKP hierarchy. Moreover, we show that these manifolds 
contain finite-dimensional Frobenius submanifolds as defined on the orbit space 
of Coxeter groups of types B and D. 

Key words: Frobenius manifold, principal hierarchy, two-component BKP hi- 
erarchy, bi-Hamiltonian structure 



1 Introduction 

The notion of Frobenius manifold was introduced by Dubrovin [10] to give a geometric 
description of the WDVV equation in the context of 2D topological field theory [T71 [SSj . 
This concept was discovered to be essential in characterizing a wide class of integrable 
systems that are related to branches of mathematical physics such as topological field 
theory, Gromov-Witten invariants and singularity theory, see [10], [131 [13 [HI [IH] and 
references therein. 

Recall that a Frobenius algebra {A, e, < , >) is a commutative associative algebra 
A with a unity e and a non-degenerate symmetric bilinear form (inner product) < , > 
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that is invariant with respect to the multiphcation, i.e., 

< X ■ y,z >=< x,y ■ z >, x,y, z ^ A. 



(1.1) 



Definition 1.1 ( |10j ) A manifold M is called a Frobenius manifold if on each tangent 
space TtM a Frobenius algebra (TtM, e, < , >) is defined depending smoothly ont & M , 
and the following axioms are fulfilled: 

(Fl) The inner product < , > is aflat metric on M. Denote the Levi-Civita connec- 
tion for this metric by V, then the unity vector field e satisfies Ve = 0. 

(F2) Let c be the 3-tensor c{x, y, z) :=< x ■ y, z >, then the 4-tensor (Vwc){x, y, z) is 
symmetric in the vector fields x, y, z,w. 

(F3) A so-called Euler vector field E G Vect{M) is fixed on M such that WE = 0, 
and it satisfies 

[E,x-y]-[E,x]-y-x - [E, y] = x ■ y, 
LicE < x,y > — < [E,x],y > — < x,[E,y] > = {2 — d) < x,y > . 

Here d is a constant named as the charge of M. 

On a Frobenius manifold M there exist flat coordinates t^, . . . such that the 
unity vector field e = d/dt^ and 

Mnyn = (<^,^>] (1.2) 



nxn 



is a constant non-degenerate matrix. Denote the inverse of this matrix by (77 
then the product of the Frobenius algebra TtM reads 



Jnxny 



^ y ^ 

- = ^c,l3Q^y (^afj = V'^^^aP (1-3) 

with Co/^-y = c{0/0t'^,0/0t'^ jO/Of^). Here the Einstein convention of summation over 
repeated indices is used. 

Note that the structure constants satisfy 



c 



and there locally exists on M a smooth function F, called the potential of the Frobenius 
manifold, such that 

O^F 

Ca/37 = g^aQf^g^-y ' LzceF = (3 - d)F + quadratic. (1.5) 
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The system fll.4p . fll.51) is called the WDVV equation in topological field theory [TTJI 
and its solution F is the free energy whose third derivatives Cap^y are the 3-point 
correlator functions. 

Conversely, suppose it is given a potential F satisfying fll.4l) and (11. 5p (which also 
implies a constant matrix (rjap), a unity and a Euler vector field), then one can recover 
the structure of a Frobenius manifold. 

A Frobenius manifold M is said to be semisimple if the Frobenius algebras TfM 
are semisimple at generic points t G M. On a semisimple Frobenius manifold there 
exist so-called canonical coordinates that are given by the eigenvalues of the operator 
of multiplication by the Euler vector field [lOl [12] . 

Due to the associativity property (II. 4[) . there is a commutative associative algebra 
structure on every cotangent space T^M of a Frobenius manifold M. More precisely, 
the structure constants for the basis {dt"'} are c"'^ = ri""^c^^. Hence on T^M a sym- 
metric bilinear form, named the intersection form, is defined by 

[df'.dt^y ■=iE{de -dt^). (1.6) 

A celebrated result is that this intersection form and the bilinear form < dt^, dt^ >*= 
77"^ compose a fiat pencil of metrics on T^M. That is, every linear combination (with 
constant coefficients) of the two metrics is a fiat metric, and the Christoffel symbols 
V^^ of their Levi-Civita connections obey the same linear combination relation. 

Every fiat pencil of metrics defines a local bi-Hamiltonian structure of hydrody- 
namic type [H], which induces an integrable system of bi-Hamiltonian equations. 
Based on this fact, on the loop space {S^ M} of the Frobenius manifold M there 
is an integrable hierarchy carrying a bi-Hamiltonian structure of hydrodynamic type. 
Such a hierarchy is called the principal hierarchy [TOl US], in which the evolutionary 
equations of the lowest level, i.e., the primary flows, read 

dt"' ^ dt^ 



^y,,o-cI/3^, «,7 = l,2,...,n (1.7) 

with X being the coordinate of S^, and the fiows of higher level can be determined via 
a bi-Hamiltonian recursion relation with Hamiltonian densities 9a^p{t) defined by 

Oao = Vaat'^, Oai = T^, ^ , ^ = cX,, — -^^^ — for w > 1. (1.8) 
/"P ' dt^dtt" dt^ ^ ^ 

Up to now various Frobenius manifolds of finite dimension have been constructed. 
A typical example is the construction of semisimple Frobenius manifolds on the orbit 
space of Coxeter groups [TTl ITO] . In Particular, for Frobenius manifolds on the orbit 
space of Weyl groups, the principal hierarchies are the dispersionless limit of Drinfeld- 
Sokolov hierarchies associated to untwisted affine Kac-Moody algebras with the zeroth 
vertex cq of the Dynkin diagram marked [HI ED [IDl [13] , and they are closely related 
to singularity theory and Gromov-Witten invariants [161 [19]. Another important class 
of Frobenius manifolds are defined on the orbit space of the extended affine Weyl 
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groups [TS], for part of which the principal hierarchies are the dispersionless limit of 
the extended bigraded Toda hierarchies [21 H] . 

The profound theory of finite-dimensional Frobenius manifold and integrable hier- 
archies has started recently being generalized to the case of infinite dimension. The 
first infinite-dimensional Frobenius manifold was constructed by Car let, Dubrovin 
and Mertens [3] in consideration of a bi-Hamiltonian structure of the dispersionless 
2D Toda hierarchy. The other published infinite-dimensional Frobenius manifold, pro- 
posed by Raimondo |23], underlies the dispersionless KP hierarchy. 

It is well known that the KP hierarchy and the 2D Toda hierarchy can be reduced 
to the Gelfand-Dickey hierarchies and the extended bigraded Toda hierarchies (except 
the flows defined by the logarithm operator) respectively [311112]. These reduced 
hierarchies are deformations of the principal hierarchy for the Frobenius manifolds on 
the orbit space of (extended) Coxeter groups of type A. Such reductions of integrable 
hierarchies as well as the bi-Hamiltonian structures are expected to be described by 
certain finite-dimensional Frobenius submanifolds of the infinite-dimensional ones. For 
instance, in [3] a submanifold of two dimensions was considered, whose principal hi- 
erarchy is the dispersionless extended Toda hierarchy [1], i.e., the extended bigraded 
Toda hierarchy [2] with the simplest parameter (1,1). 

In this paper we will follow the approach of [3] and construct a series of infinite- 
dimensional Frobenius manifolds. For each of them, the principal hierarchy will be 
derived, which carries a bi-Hamiltonian structure of the dispersionless two-component 
BKP hierarchy (see [6l |25l [22] or Section 3 below for the definition). Furthermore, 
corresponding to the reductions of these bi-Hamiltonian structures studied in [27] , we 
show that there are finite-dimensional Frobenius submanifolds coinciding with those 
defined on the orbit space of Coxeter groups of types B and D [H [TTl [TUl [22]. In fact, 
it is the properties of such finite-dimensional Frobenius manifolds that provide much 
inspiration for us to come to a relatively neat description of the infinite- dimensional 
manifolds. 

Let us state the main results. Given < e < 1, we introduce two sets of holomor- 
phic even functions on disks of CP = C U {oo} as follows: 




-2i 



Z 



2i 



f holomorphic on |z| > 1 — e 



/ holomorphic on \z\ < 1 + e 




For two arbitrary positive integers m and n we consider the following coset 



Mm,n = (^'™, 0) + Z^'^-^n- X ;2"2n^ 

An element of this coset reads o,{z) = (0(2), 0(2;)) where 



(1.9) 




(1.10) 



i<m 



j>-n 
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With coordinates given by the coefficients Vi and vj of such Laurent series, the coset 
Aim.n is viewed as an infinite-dimensional manifold. This manifold has tangent and 
cotangent spaces as follows: 

TaMm,n = z^^-^n- X z^^^n^, T*aM^,n = X z^-i^^-. (1.11) 

The pairing between a vector a = {a{z),a{z)) G TaM.m,n and a covector uj = 
{u{z),oj{z)) G T^Aim,n IS defined to be 

{(x,uj) = — (p \a{z)u{z) + a{z)u{z)]dz. (1.12) 

For (a(z),a(z)) G A^m.n. we let 

({z) = a{z) — a{z), /(z) = a(z)+ + a(z)_, (1-13) 

where the subscripts "±" mean the projections of a Laurent series to its nonnegative 
part and negative part respectively. 

Let A4m,n be a submanifold of Aim,n that consists of points (a(z), a{z)) satisfying 
the following conditions: 

(Ml) The function a{z) has a pole of order 2n at 0, namely, ^ 0; 
(M2) For 1^1 = 1, 

a{z)a'{z) -a'{z)a{z) ^0, C{z)^0, l'{z)^0; (1.14) 

(M3) The winding number of the function ({z) around is 2, such that w{z) = ({zY^"^ 
maps 5*^ biholomorphicly to a simple smooth curve F around 0. 

The manifold M.m,n is the one on which a Frobenius structure will be constructed, 
and our discussion is restricted to it below. 

Introduce variables t = h = and h = {n^^-i ^s 



2 1 



2i - 1 27ri 



-2i+l 



f ■=— r (p C{z)^dz, ieZ; (1.15) 



z=l 



■= - 2j^i ^^'^^=°° l{zf'^n!dz, j = l,2, ■■■,m; (1.16) 

- I- 2n 2fc-i 

res2=o /(2) ^" "-2, = 1, 2, ■ ■ ■ , n. (1-1') 



2A; - 1 



One sees below that these variables give another system of coordinates on the manifold 

Theorem 1.2 For any two positive integers m and n, the infinite dimensional man- 
ifold M.m,n is a semisimple Frobenius manifold of charge d^ = 1 — — such that 
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(i) The unity vector field e = d/dh^; 
(a) The Euler vector field 



8. 



m,n 



E 



m(l - 2z) + 1 a , ^ j , . 9 



2m 



fc=i 



Ik - 1 
2n 



d 



2m J dh^' 

:i.i8) 



(in) The potential 



lC(^l)C(^2)-C(^l)^(^2)+/(^l)C(^2) ) X 



Zl\<\z2\ 

X log(22 - Zi) dZidZ2 + Fr 



where Fm,n is a rational function of variables hU h determined by 



d^Frr 



du dv dw 
for any u,v,w & h U h. 



, .dj{z)-dj{z)-dj{z) 

(res^=oo + res2=o ) jrr^ dz 

^ ' I'lz] 



:i.i9) 



:i.2o) 



This theorem will be proved in Section 2, where a flat metric (with flat coordinates 
fll.l5l) - fll.l7p ). an intersection form and the canonical coordinates of this semisimple 
Frobenius manifold will also be given. We remark that this Frobenius structure is 
distinct from the one in [3] restricted to the space consisting of even Laurent series. 

In section 3 we will show that the Frobenius manifold Mm,n is associated with 
a bi-Hamiltonian structure of hydrodynamic type, which is the one derived in [27] 
for the dispersionless two-component BKP hierarchy, see also [28]. Then via the bi- 
Hamiltonian recursion relation the principal hierarchy for Aim n will be obtained. 



Theorem 1.3 Suppose the coefficients Vi and Vj in fll.lOp are smooth functions of 
X & S^. Then the principal hierarchy associated to the Frobenius manifold M.m,n can 
be written in the following Lax form: 



da{z) 



{-{Au,p{z))-,a{z)} , 



dd{z) 



where {/, g} = df /dz ■ dg/dx — dg/dz ■ df /dx and 



2i + l 



{{A^,p{z))+,d{z)} , p>0. 



:i.2ii 



2i + 1 {2p)\\ 



A-u,p{z) — < 



■p /2m-27+l\ 

V 2^ ) / . p I 2m~2j + l 



2mr(p+l + ^^) 



u 



u 



f {i e Z); 



(1 < J < m); (1.22) 



r( 



2ra-2fc+l 
2n 



) 



with (p{z) 



(2nT{p+l + ^-^) 
a(z) + d(z). 



aiz 



,„ I 2n-2fc+l J , 



u = h'' {l<k<n) 
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Observe that the flows d/dT^'^P and d/dT^ 'P compose the dispersionless two-component 
BKP hierarchy. For this reason we call the system of equations f ll.2ip the principal 
two- component BKP hierarchy. Recall that this hierarchy depends on two parameters 
m and n. 

In section 4 we will consider an [m + n)-dimensional submanifold Mm,n C A^m,n 
spanned by the flat coordinates hU h. The following proposition is a corollary of the 
results of Sections 2 and 3. 

Proposition 1.4 The submanifold M^^n is a semisimple Frohenius submanifold of 
M.m,n, i-S--, Mm,n carrics a Frohenius structure projected from that of J\Am,n- The 
potential Fm,n (given in ( I1.19P ) of M^^n is a polynomial in (h^, . . . , , , . . . , fi^ , 
l/n). It is a polynomial in the flat coordinates (h^ , . . . , k^, h^, . . . , K^) if and only 
if n = l. 

The principal hierarchy associated to Mm,n is the {2m, 2n) -reduction of the dis- 
persionless two-component BKP hierarchy ^ \2^ . that is, the restriction of f ll.2ip to 
a{z) = a{z) = l{z). Particularly when n = 1, the principal hierarchy is the dispersion- 
less limit of the Drinfeld-Sokolov hierarchy of type (D^^;^,Co). 

One will see that Mm,n coincides with the Frobenius manifold defined on the orbit 
space of the Coxeter group Bm+n by Bertola [1] with superpotential l{z) given in fll.lSp . 
and constructed also by Zuo [22] in a different way. However, to our best knowledge, 
the principal hierarchy for the Frobenius manifold M^^n with general (m, n) has not 
been considered before. 

The last section is devoted to the conclusion and outlook. 



2 Construction of Frobenius manifolds 

Let us begin to prove Theorem II. 2 [ i.e., to equip a semisimple Frobenius structure to 
the infinite-dimensional manifold 

constrained by conditions (Ml) - (M3) above with any fixed positive integers m and 
n. To this end, we need to introduce a flat metric that is invariant with respect to a 
multiplication on each tangent space, and to write down the potential and the Euler 
vector field. Besides that, the canonical coordinates and the intersection form on this 
Frobenius manifold will be derived. 

2.1 A flat metric 

Recall that a system of coordinates of Mm,n is given by the coefficients of the series 



a = {a{z), a{z)) = 




7 



We identify the tangent space TaMm,n with z^"^ ^"H x z ^""H^ by 

d= {da{z),da{z)) (2.1) 
for any tangent vector d. For example, when i < m and j > — n we have 

^.(.-0), |--(0,.-). (2.2) 

According to the pairing fll.l2p . T^Mm^n is identified with x z'^"-~^H~, and 

its dual basis with respect to (12. 2p reads 

rft;. = (^-2*+\ 0), d% = (0, z-^^-^) (2.3) 

with i < m and j > — n. 

Introduce two generating functions for covectors 

2m 

da{p) :=E^^-^""=( ,2^-iL_,2v O)- 1^1 <H' (2-4) 

i<m ^ ' 

Mp)--=Y.dv,p'^ = {0,^^^^^^), \z\>\p\. (2.5) 
The following lemma follows from the Cauchy integral formula. 

Lemma 2.1 The generating functions (12.41) and (12. 5p have the following properties: 

(i) For any vector $, = {^{z),i{z)) e TaMm,n, 

{da{p),0=ap), {dd{p),0=i{py, (2.6) 

(a) For any covector uj = {uj{z),uj{z)) G T^Aim,n, 

1 



a; = 

2ni 



z=l 



[uj{p)da{p) + uj{p)dd{p)~\dp. (2.7) 



Let us introduce a symmetric bilinear form on the cotangent space T^M.m,n as 

<da(p).d/3(,)>-=fH + i^^M. (2.8) 

where a'{p) = da{p)/dp and a,/3 E {a,d}. Note the difference between the above 
formula and equation (1.16) in [3]. 

Since the pairing (I1.12p is nondegenerate, the following linear map is well defined 
V- T^M„,,n^TaM„,,n, (a;i,r/(LJ2)) =< ^1,^2 >* (2.9) 



for any <jJx,^2 ^ T^-Mm,n- More explicitly, given uj = {ijj{z),uj{z)) G T^Aim,n we 
have 



27ri 



(uj{p)r]{da{p)) + uj{p)ri{da{p)))dp 



[a{z)[u{z) +u{z)]^ - [u{z)a{z) + uj{z)a{z)]-, 
— d'{z)[u{z) + uj{z)]+ + [uj{z)a'{z) + uj{z)a{z)]+), 



(2.10) 



in which the following formulae have been used: 

ri{da{p)) = (< da{p),da{z) >*,< da{p),dd{z) >*), a G {a,d}. (2-11) 

Lemma 2.2 The linear map rj defined in fl2.9p is a bijection. 



Proof It follows from f l2.10p that rj is surjective, hence we only need to show that it 
is invertible. 



Suppose ^ = ri{uj), where 



i<m 



■.{u{z)M^)) = [Y. 



OJ-iZ 



j>-n 
-2i+l 



i<m 



E 

j>-n+l 



Recall a\z) - a!{z) = ('(z) ^ in ffTTn]) . then from fl^TTUD we have 



ijJ\Z] 



OJ\Z] 



.a'{z) — d'[z)J + 
On the other hand, consider 

i{z)+={a'{z)^{uj{z)+(b{z)).) 

where 



a'iz) — d'iz 



(2.12) 



(2.13) 



a'iz) 



-- 27712^™-! + (2m - 2)7;^22m-3 + . . . + 2t;22\ 

(w(z) + Cj{z))^ = u^iz"^ + Cj^2Z^^ + ■■■ + + 0(z-'™-^), z^oo 



with = CJj + (jjj. Introduce the following invertible matrix 

f 2m 

(2 m. — 2)vm 2 m 



\ 



(2 m — 4)fm-i (2 m — 2)v„ 



2 m 



(2.14) 



(2 m — A)vm-i (2 m — 2)f ^ 2 m y 



Equation fl2.13p is rewritten to 



5m— 1 



(2.15) 



Hence W-i, . . . , can be found from this linear equation. In combination with 
(I2.12P one obtains {uj{z))_ and thus u{z). 

Similarly, from the second equation in fl2.12p together with 



(2.16) 



one gets Cj{z). 

Therefore, uj is uniquely determined by ^ via the relations fl2.12p . fl2.13p and fl2.16p . 
The lemma is proved. □ 

With the help of the bijection 77, we now define a symmetric bilinear form on the 
tangent space TaJ^m,n as 



Recall on Aim,n the functions 

({z) = a{z) — a{z), l{z) = a{z)^ + a{z)_ 
satisfy C'(^) ^ and r{z) ^ for \z\ = 1. 



(2.17) 



(2.18) 



Lemma 2.3 For any vectors 81,82 G TaM.m.n, the bilinear form fl2.17p is represented 
as 



< 81,82 >-- 



1 

27ri 
res,: 



8,az) ■ 82az) 



.1=1 C'(^) 
8il{z) • 82l{z) 



dz 



8,l{z) . 82l{z) 
OjZ — les^^o ~, — ; (xz. 



I'iz) 



(2.19) 



Proof Suppose {u{z),il!{z)) = rj ^{81). We have 

1 



{v-\d^),82) 



27ri 



2ni 



z\=l 



z\=l 



(^u{z)82a(z) + Cj{z)82d{z))dz 
{{u}{z)+ - u}{z)_){82a{z) - 82d{z)))dz 



+ TT^ (P {uj{z)_ + Ld{z)_)82a{z)dz 
27ri ./|^|=i 
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(2.20) 



Let /i, I2 and Is denote the three integrals on the right hand side respectively. 
First, the formulae fl2.12p now read 

'diaz)\ , fd,az) 



U}[Z] 



hence 



dz. 



i.i=i C'(^) 

Second, by using the relation fl2.15p we have 

I2 =Cj-ld2Vi + £l;_2(?2f2 H h Cj-md2V^ 

= {diVi, diV2, . . . , diVra)K^ 

\ d2Vi J 

Note that I' [z) / z"^"^'^ is a polynomial in z~^, and that 

l'{z) 



j + L Jmxm- 



If one writes l/l'{z) = z-^^'+^ifo + f_^z-'^ + /.gz"^ + ■■■), then 

if- 



Thus 



m m 



(2.21) 



res. 



,i=l 



Hz) 

In the same way one can check 



2j-2 _ ^-2m+l 
j=l k<0 

dz. 



d,l{z) ■ d2l{z) , 

h = - res2=o jrr-^ dz. 

Viz] 



(2.22) 



(2.23) 



(2.24) 



Finally, we gather fl2.2ip . fl2.23p and fl2.24p together and finish the proof of the 
lemma. □ 
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Lemma 2.4 The bilinear form < , > in fl2.19p is a nondegenerate flat metric on 
Aim,n, with flat coordinates given by fll.lSp - fll.lTj) . More exactly, 

d d 1 

< ^ >= - 2 ^h+^2,o, 11,^2 e Z; (2.25) 

^dhJ^'dh^^=2^^^^^^--^'' Ji,j2G{l,...,m}; (2.26) 
d d 1 

< T;rr' ^^^i+*^2,n+i, ki,k2e{l,...,n} (2.27) 
anc? ani/ oi/ier pairing between these vector fields vanishes. 

Proof Recall on Aim,n we have assumed that z t— )■ w{z) = (^(z)^/^ gives a biholomor- 
phic map from to a simple curve F around = 0. Since (^(z) is an even function, 
then w{—z) = —w{z). Hence the inverse holomorphic map w i— ?■ z{w) on a neighbor- 
hood of r satisfies z{w) = —z{—w). We apply the Riemann-Hilbert decomposition of 
this function on the w-plane: 

z{w) = f4w) + f4w), u^eTi, (2.28) 

where the functions /+(w) and f-{w) are holomorphic inside and outside the curve F 
respectively. From the definition f ll.lSp of f it follows that 

f = (f z(w)w~'^''dw, 
27ri 

hence 

f+iw) = J2^-w'^-\ k|->0; (2.29) 

i>l 

f_(w) = J2^-w''^\ \w\^oo. (2.30) 

On the other hand, we denote 

x{z) := l{z)^ near oo, x{z) := /(z)2^r near 0. (2-31) 
Similarly as above, the inverse function z{x) of xi^) is expanded in the form 

^(x) = x-|;;x-'-|;;x----£x-"« + o(,-— ). Ixl--; (2.32) 

and the inverse function z{x) of x{z) reads 

4X) = + + ■■■ + ^X-'""^' + 0(x-"), Ixl ^ oo. (2.33) 



r 
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Observe that the functions ({z) = w{zy and l{z) = xi^Y"^ = ^ire deter- 
mined by the variables 

t U h U h = {f \ i e Z} U {h^ \ J = 1, . . . ,m} U {h'' \ k = 1, . . . ,n}. (2.34) 

These two functions give the series a{z) and a{z) by 

a{z) = Ciz)- + l{z), a{z) = -C(^)+ + l{z). (2.35) 

Thus fl2.34p is indeed a system of coordinates on the manifold A^m,n- 

Let us compute the pairings ([225])-(E2ZD- First, due to ([22H])-(E3D]) we have 

dt' 2 ' 

hence 

^ = -lw{zr-'w'{z). (2.36) 
In the same way, for x{z) and its inverse function one has 



^ = ^xW-^^-^V(^) + o(.— ), 



\z\ oo. (2.37) 



While for x{z) and its inverse function. 



^^^^^ - + 0(^2"+!), \z\ ^ 0. (2.38) 



The formulae ([23SD-(I23HD lead to 



^ = - «;(.)2^i.'(.) = -l«;(z)2^-iC'(^), (2.39) 



dC{z) dC{z) dl{z) fdl{z)\ fdl{z 



x{zY'^-''^{z) ) , ^ = - j _, (2.40) 

i^M) =0. (2.41) 



Substituting them into 02.191) and by integration by parts, we have 
d d If w(zf'^+^'^-W(z) , 

< TT— , TT— >= - ?) -^-^ Z —dz 



dP^ dp'' 27ri Jj^|=i 



dw = --(5ii+i2,o, 



27ri /r 2 2 
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Any other pairing between these vectors vanishes. The lemma is proved. □ 

Corollary 2.5 For the flat metric fl2.19p . the induced metric on the cotangent bundle 
of Mm,n IS given by 



According to the identification (12. 7p . let us compute another basis {dt^ \ i e 
Z} U {dh^ I 1 < J < m} U {dh'' | 1 < /c < n} of T*Mm,n that will be used later. By 
using the formulae (I1.15p - p.l7p and (12. 3p . we have 

df = y — — dVr + > TZT-dVr 



Mgr--5:^d,.(0,z---) 

-(^W"""')>_2.+i'(^W"""')<2„-i)' (2-42) 
„ . s:^ dh\ \- _ 

r<m r>—n 

= - res,_ Xipr^-'-' E ■ (^"'^'■'' 0) 

O), (2.43) 



d/i*^ = > — dvr + 7 -7r:—dvr 

^-^ OVr OVr 

r<m r>—n 



r>— n 



V (2.44) 
Here and below we use notations (Xl^- frz'')^, = J2r<s fr^'' and {J2r frz'')>s = Zlr>s fr^'' 

2.2 Frobenius algebra 

To construct a Frobenius algebra structure on the tangent spaces of Airn,n, we start 
from a multiplication on the cotangent spaces (recall (12. 4 p and (12. 5p ): 

da{p)-df3{q):=^f^da{p) + ^P^dm, a,/3e{a,d}. (2.45) 
qz _ pz pz _ qz 
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Lemma 2.6 On T^M.rn,n the following two statements hold true. 

(i) The multiplication fl2.45p is associative and commutative. More generally, for 
Ui G {a, a} one has 

dai{pi) ■ da2{p2) dak{pk) = I [[ 2 _ 2 ] doiiiPi)- (2-46) 

i=l Pj Pi J 

(a) The bilinear form < , >* defined in (12.80 is invariant with respect to the multi- 
plication (12.451) . 

Proof It is straightforward to check the first assertion. For the second one, 
< da{p) ■ dl3{q), d'y{r) >* 

q(3'{q) r'y'{r) pa'{p) r^^r) pa'{p) q(3'{q) 

^2 ly'^i '^^2 'p'^ ■y^ 2 ^2 .y^2 

= <da{p),d(3{q)-d-f{r) >*, 
where a,/3,'y E {a,d}. The lemma is proved. □ 

The multiphcation (I2.45P can also be represented in Laurent series by using (12. 7p . 
In fact, for any uji = {ui{z),uJi{z)) G T^^Am,n with i = 1,2 one can verify 

uji ■ UJ2 =(y]2{z)[ui{z)a' {z)) _^ - U2{z)[uji{z)a'{z)) ^ 

-Ui{z){u2{z)a'{z))_-uji{z){u2{z)a'{z))_]^_^^^^ 

[u2{z){ui{z)a' {z)) ^ + uj2{z){uJi{z)a' {z)) ^ 

+ u:r{z){uj2{z)a\z))^-ujr{z){uj2{z)d'{z))J^^^^^^. (2.47) 
For this multiplication there exists a unity 

1 



= —dh^. (2.48) 



-2m+l 

2m ' J 2m 

Proposition 2.7 The cotangent space T^Ai^^n is a Frobenius algebra with multipli- 
cation defined by (I2.45p . unity e* , and non-degenerate invariant bilinear form (12. 8p . 

By virtue of the definitions of the bijection 77 in (12. 9p and the flat metric (I2.17p . 
we have 

Corollary 2.8 The tangent space TaM.m,n is a Frobenius algebra such that 
(i) The multiplication between vectors and $,2 is defined by 

^i-^2--=v{v^\^i)-V~\^2)y, (2.49) 

(a) The unity vector is 

e:=v{e*) = {l,l) = ^; (2.50) 
(Hi) The invariant inner product is given by (I2.19p . 
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2.3 The potential and the Euler vector field 



We have introduced a flat metric < , > and a Frobenius algebra structure on the 
tangent bundle of the manifold Airn,n- Now let us compute the 3-tensor 

c{di, d2, ds) =< di ■ d2, >, di, 82, e TMm,n- 



Lemma 2.9 For ii, 12, is G Z, ji,j2,j3 G {l,...,m} and ki,k2,k3 e {l,...,n} it 
holds that 

(9t*i dP^'dP^ 27ri 4 ^ ^ L ^ ^ ^ ^ 



^(^)2(n+^2+*3-l)n(y;(2)y;'(^))' 



- TT- -l'{z)w{zf^''+''+''-^'>w'{z)dz (2.51) 



27ri ./|^|=i 4 



with n(/(2)) = - fiz)_, and 









d d 






d d 








d d 






(9 


d d 






d 


d d 






d 


d d 



(2.52) 



(2.53) 



>=-^/ ^{x{zr"'~'''~'''^\'{z))^{w{zy^^w'{z))_dz, 

(2.54) 

>= / ^ ^(x(^)''"-'^'^-'^'^+^x'(^)) + (x(^)'"-''^x'(^))_ci^, 

(2.55) 



< — >-- 



< —. :r-,-— >-- 



2^/ ^^(xW'"-''=^-''=^~'^x(^))_(^(^)'^^^'(^))+ci;., 

(2.56) 



(2.57) 

>= / -^(i/;(^)«;'(z))_(x(^)'"'"'^'^~'^'^"'^'^^+\'(^))^c^^ 



dhi^'dhr-i 27ri Li 1 2m2 



(x(^)^'"-^^'^xX^))^(x(^)^'"-^^'^xX^))+(x(^)^'"-^^'^xX^))+, 

res2:=oo , , N dz^ 

l'[z) 

(2.58 
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[xizf^-^^^i^iz]) {x{zY"'-^^-j^{z)) {x{zf"^-^^^^i^{z)) ^ 

l'[z) 

(2.59) 

d d d 

< ■ >= 0. (2.60) 

dP^ dh^^ dh^^ 

Proof Denote rjuv =< du, dy > for u,v & tU hU h, then we have 

< du ■ dy, du, >= VuuVvvVww < du ■ dv, dw >*= rjuuVvvVwwidu ■ dv, r]{dw)). (2.61) 

Substitute the formulae fl2.42p -f l2.44p into the right hand side and use fl2.47p and 
(12.101) . then the lemma follows from a lengthy but straightforward computation. □ 

Lemma 2.10 There exists a function Fm,n depending rationally on the variables hUh 
such that 

d^Fm,n ( , N dul{z) ■ dul{z) ■ dj{z) 
d^^d^ = - + m (2.62) 

for any u,v,w ^ h U h. 

This lemma will be proved in the Appendix. Now we have the following result. 
Proposition 2.11 On Ai^^n the following function 

I V r r /I 



•^-,n = (^— J f ^\^-az,)az2)-azi)i{z2)+i{z,)c{z2)jx 

X log(z2 - Zi)dZidZ2 + Fm,n (2.63) 

satisfies 

c{du,du,du,) = ^ ^"l" , u,v,wetUhUh. (2.64) 
ou ov ow 

This implies that Vsc{du, du, du,) is a symmetric 4-tensor, where V stands for the 
Levi-Civita connection of the metric < , >. 

Proof The proposition can be checked directly with the help of the formulae fl2.39p - 
fl2.4ip and by integration by parts. For example, 

d^T 



dP^dp2dp3 

fJ_Y f f d'' 



\2-KiJ J J\.,\<\,,\ dP^dP^ 



^W'{z,)wiz,r^%iz2) - ^aZl)w'{z2)wiz2r^ 
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+ w'{zi)w{zi)'^^'H{z2) - I{zi)w'{z2)w{z2)'^''-^ ^og{z2 - Zi)dzidz2 
2 r r d 



(2711) 



ki|<|2;2 

2i2 



w{Zif'^+^'^~Wizi)Ciz2) ^ W{_zif''+^W'{Z2)W{Z2Y'^ 



2(2z3 + l) 



^2^3+l 



C{Zi)w'{z2)w{z2) 



2i3+2i2-l 



+ 



w' {Zi)w{ziy^'^w{z2) 

2(223 + 1) 4 

w'{Zi)w{Ziy''+^'^-H{z2) I{zi)w{z2r'^^''-'W'{Z2) 



dzidz2 

J ^2 - Zi 



i-Y 



^ ,^(^^)2n+2i2+2*3-l^/(^^)y^(^^)^/(^^) 

kl|<|22 

- w{z^f''+^''-^w'{Zi)w{z2Y''w'{z2) - w{z^f''+^'-'-^w'{Zi)w{z2f''w'{z2) 

+ w{z,y''w'{zi)w{z2f''+^''-'w'{z2) - ti;(zi)''^«;'(^i)u'(z2)'''+'''"'w^'(^2) 

+ U;(2i)2'^M;'(^i)w(22)''^+'''"'«^'(^2) + w{ziy''w'{zi)w{z2r''-^''-^w'{z2) 

- tf;(^i)u;'(^i)u'(z2)'''+'''+'''"'w^'(;22) - w{ziy''+^'^+^''-W{z^)l'{z2) 



l'{Zi)w{z2) 



2n+2i2+2i3-l„, ,/ 



dzidz2 

Z2 — Z\ 



< 



d 



d d 



-J m,n 



>, 



V27ri/ 



\zi\<\z2 



C(^1)(X(^2)'"-''=^X'(^2)), 



{Xi^lf''-'''xi^l))ji^2)\ log(^2 - Z,)dz,dZ2 

(res^=oo + res^=oj yj-^^ dz 

(^(^)2n-2,.-2,2+l^/(^)) (^(^)2n-2/c3^/(^)) 



res. 



2m 



-dz 



< 



d d 



d 



> . 



(2.65) 



The other cases are similar. The proposition is proved. □ 

To show that Mm,n is a Frobenius manifold, we still need to fix a Euler vector 
field and show the quasi- homogeneity of J^m,n- 

We assign a degree to each of the variables as 



^ . m(l-2z) + l 

deg = , deg 

2m 



J_ 

m' 



deg h'' 



2k 



2n 



1 

2m' 



and let 



Om dp ^ m dhi ^ 



d 



k=l 



2n 2m J dh^ 



(2.67) 



(2.68) 
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Lemma 2.12 The function J^m,n is quasi-homogeneous with respect to the degrees 
fl2.67l) . More precisely, we have (cf. fll.Sp ) 

Liee^„J^m,n = (3 - dm)J^m,n, dm = I - — ■ (2.69) 

m 

Proof In addition to 02.671) we assume deg z = l/2m. Note that both functions ({z) 
and l{z) are homogeneous of degree 1, hence J^rn,n has degree 2 + 1/m. The lemma is 
proved. □ 

Up to now, we have shown that A^m,n is a Frobenius manifold, on which the 
multiplication is defined by f l2.49p with unity e = d/dh"^ and invariant flat metric 
fl2.19|) . the Euler vector field is Sm,n, and the potential is J-m,n- 



2.4 Semisimplicity 



The final step in proving Theorem 11.21 is to show the semisimplicity of Aim,n- 
Let 

da^_da^^ c.S'. (2,70) 

a'{zj a'[z) 

This is a generating function for a basis of the cotangent space T^Aim^n by taking the 
Riemann-Hilbert decomposition with respect to S^. According to ( 12. 8 p and (12. 45 p . it 
is easy to show the following lemma. 

Lemma 2.13 The following formulae hold true: 

< dM, dM >*= - f^^l Soip - q), (2.71) 

a'[p)a'{p) 

d^{p) ■ dn{q) = Soip - q) dM, (2.72) 
where So{p — q) = Ylik& (p^'^/g^^'+^) satisfies 

/ 4 ^<-')^^<"^ (2.73) 

2"i|,|.i \ 0, /(-«) = -/(9). 

The formula (12.721) implies that no nilpotent elements exist in the Frobenius algebra 
T^M.rn,n, hcucc the Frobenius algebra T^Jlim,n is semisimple and so is TaM.m,n- Thus 
we arrive at the following result. 

Proposition 2.14 The Frobenius manifold M.m,n is semisimple. 

Proof of Theorem The theorem follows from a combination of Lemmas 12.41 

and [2321 Corollary ESI Propositions l2TT] and 12141 □ 

We want to find canonical coordinates on a subset A^m„ C Aim,n consisting of 
generic points {a{z),d{z)) that satisfy the following conditions 
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(51) For z e S^, 

a'(z)a"(z) - b![z)o!\z) ^ 0; (2.74) 

1 /2 

(52) The function a{z) = [a' {z) / {z)^ is holomorphic and injective on such 
that a smooth simple closed curve is defined by 

Denote the inverse function of a{z) by 2; = z{a) : S — S^, then 

[a'a'iz) + (1 - a')a'{z)] ^^^^^^ = 0, a G S. (2.76) 

Let 

:= [a^a{z) + (1 - a^)a{z)] a G S. (2.77) 

One sees that the exact 1-form dua is just a normalization of the generating function 
dfi{z), more exactly, 



a'(z) , , d'(z) , , A / a'(z)d'(z] 



Thus from Lemma 12.131 it follows that u^j is a canonical coordinate on Ai^ „ (in the 
sense of |3]). In fact, it can be checked that £m,n{ucj) = by using the formulae 
(12:821) below. 



2.5 The intersection form 

Define the intersection form on the cotangent space T^J^m,n as (cf. fll.6p ) 

{da{p),dl3{q)y := i£^,^{da{p) ■ dl3{q)), a,/3G{a,a}. (2.79) 

Lemma 2.15 Fora,/3 G {a, a} it holds that 

{daipumy = fz^-ip) + (2-80) 

Proof In consideration of the degree of coordinates in fl2.67p . one can express the 
Euler vector field fl2.68p in the coordinates {vi}^^ U {vj}'^^^ as follows: 
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Actually this formula can also be checked by letting fl2.8ip act on the flat coordinates 

dnsD-dnzD- 

It is easy to see 



Sm,n{a{z)) = a{z) - —a'{z), a,(5 e {a, a}. 
Substituting fl2:i5|l into fl2T9D we have 



(2.82) 



— 



p2 _ q2 



qP'{q) pa'{p) 



g2 _ p2 



p2 _ q2 



□ 



The lemma is proved. 

Similar to the case of the fiat metric (12. Sp . the intersection form (I2.79p induces 
another metric on the tangent space TaM.m,n- 

In fact, there is a linear map 

9- T*aMm,n TaMm,n (2.83) 

such that 

{ui,g{u2)) = (t^i,a;2)* 

for any a;i,a;2 E T^Aim,n- Given any oj = [uj{z),uj{z)) E T^Aim,n, the formulae (cf. 
(ICTj) and flCTjl ) 

g{da{p)) = (^[da{p),da{z)y , [da{p),dd{z)y^ , a G {a, a} (2.84) 

lead to 

g{uj){z) =(^a'{z)(^a{z)uj{z) + d{z)uj{z)^ _ — a{z)(^a'{z)uj{z) + d'{z)uj{z)) _, 

- d'{z) {a{z)u{z) + d{z)u{z)) + d{z) {a{z)uj{z) + d'{z)u{z)) ) . (2.85) 



This shows that the map g is surjective. On the other hand, suppose g{u!) 
{^{z),i{z)) e TaMm,n, then 



uj{z) 



UJ[Z 



1 f d{z)az) - a{z)i{z) 



a{z) \a{z)d'{z) — a'{z)d{z) / +J >-2m+i 
1 f d{z)az) - aiz)i{z) 



<2n-l 



(2.86) 
(2.87) 



La[z) \a[z)a [z) — a'[z)a[z) 
Thus g is injective. Therefore, the linear map g defined in fl2.83p is a bijection. 
Now we define a bilinear form on TaMm,n as 

{d,,d,) := {g-\d,),d2) = {g-\d,),g~\d2)y {21 
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Proposition 2.16 The Frohenius manifold M.m,n has an intersection form (12.791) . 
which induces a fiat metric as 

(3,,a,^ = -±f a.i°g(°(^)/-'(>-))-a2i°gH^)/-i(^)),^ pgg^ 

27ri/|^l=i djog [a{z)/a{z)) 

with arbitrary vectors di,d2 G TaM.m,n- 

Proof The equality f l2.89p follows from the formulae fl2.86p - fl2.88p . The flatness of 
this metric can be verified with the same method as used in Lemma 12.41 □ 



3 Principal two-component BKP hierarchy 

We are to write down the principal hierarchy for the Frobenius manifold A^m,n- First 
let us consider the bi-Hamiltonian structure associated to this Frobenius manifold, 
i.e., two compatible Hamiltonian structures corresponding to the fiat metrics fl2.8p 
and fl27rg|) . 

Let CJ^rii,n be the loop space of smooth maps from to the manifold M.m,n- In 
this space a point is expressed as a = {a{z , x) , a{z , x)) in f ll.lOp with the coefficients 
being smooth functions of x G S^. The tangent space and cotangent space at any 
point of CM.rn,n are composed of smooth maps from to z'^"^~'^'H~ x z~'^"''H~^ and 
to z~^"^'^^'H~^ X z^"'~^'H~~ respectively. The pairing between a cotangent vector oj = 
(^u{z,x),u{z,x)) and a tangent vector ^ = (^(2;, x), ^(2, x)) is (cf. f ll.l2p ) 

{^^0 = 77-^9 i [uj{z,x)^{z,x)+uj{z,x)i{z,x)\dzdx. (3.1) 

^TTl J SI J\z\ = l 

Without confusion we will simply write (0(2;, x), 0(2, x)) as {a{z),6i{z)) below. 
There uniquely exist 

\{z) = z + ■ ■ ■ = aiz)^ near 00, \{z) = — z~^ + • • • = d(z)^ near 0. (3.2) 

2n 



On the loop space CAirn,n a hierarchy of evolutionary equations is defined as 

mz)%,X{z)}, ^ = {{X{z)%,X{z)h (3.3) 



dsk ' ' dsk 

^ = {-(A(.)'=)„, xiz)}, ^ = {-cm'u m}, (3.4) 

where k G Z'^'^ and the Lie bracket {f,g} '■= df/dz ■ dg/dx — dg/dz ■ df/dx. This 
hierarchy is called the dispersionless two-component BKP hierarchy. 
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Remark 3.1 The system of Lax equations (13. 3p . (13. 4p was first written down by 
Takasaki WB^ as the universal hierarchy underlying the D-type topological Landau- 
Ginzburg models. The name presently used is after the bilinear equations (whose dis- 
persionless limit is equivalent to (13.31) . (13.41) ) introduced by Date, Jimbo, Kashiwarw 
and Miwa |^ considering the neutral free-fermion realization of the Lie algebra with 
infinite Dynkin diagram Doo, see also fWj l21\ \2E, W^ - 

A map V from the cotangent space to the tangent space of CM.m,n is a Poisson 
structure if it defines a Poisson bracket between local functionals on CA4.rn,n as 

{F,H]^ = {dF,V{dH)). (3.5) 

Here dF denotes the gradient of the functional F, namely, the covector on CM.rn,n 
determined by 5F = {6a, dF); and dH means the same. 

Proposition 3.2 (|27|) The space CM.ra,n carries the following two compatible Pois- 
son structures: 

Vi{u{z),uj{z)) 

- {{a{z),u{z)} + {d{z),u{z)])^ + {a{z), {uj{z) + Q{z)).], 

{{a{z),uj{z)} + {d{z),u{z)})+ - {d{z), {uj{z)+uj{z))+}^, (3.6) 
V2{u:{z),Cj{z)) 

- a{z){{a{z),uj{z)} + {d{z),uj{z)})^ + {a{z), {a{z)uj{z) + d{z)uj{z))^}, 
d{z){{a{z),uj{z)} + {d{z),uj{z)})+ - {a(z), {a{z)uj{z) + d{z)Cj{z))j^}). (3.7) 



They give Poisson brackets { , }i^2 that represent the dispersionless two-component 
BKP hierarchy (13.31) . (13.41) to a bi-Hamiltonian form as 



dF dF - - 

■7{ = {F,Hk+2m]l = {F,Hk}2-, -777- = {F, Hk+2n}l = {F, Hk}2 (3.8) 

OSk OSk 

with k G Zf and 

Hk='^—(( I \{zfdzdx,Hk='^—i i Xizfdzdx. (3.9) 
k 27ri /51 k 27ri J gi J\^\^^ 

Introduce two generating functions for local functionals as 

a{p,y) = p'^ + Y,<y)p''-^ Kp.y) = E ^^(y^p''- (3.10) 

Their gradients are (cf. ([23]), ([23])) 

da{p,y)= ( ^2m-i^p2_^2) ^(^-^)'0)' 1^1 <H; (3-11) 
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daip,y) = (0 



z 



2n+l 



Six - y)), \z\ > \p\. 



(3.12) 



With the help of these notations, the Poisson brackets (13 .Op and (13 .Zp can be expressed 
in the form 



{a{p,x),f3{q,y)}^ 



qdgf3{q,x) pdpa{p,x 



L — p"^ 



p2 _ q2 



+ 



{a(p,a:),/3(g,?/)}; 



p2 _^ ^2 

(p^ — g^)^ 
qdq/3{q,x 



q^ — p^ 



6'{x - y) 
{d^a{p,x) - d^(3{q,x)) S{x-y), 
I3{q,x) 6'{x-y) 



(3.13) 



2 _ ^2 ^\.P^X)-\- 2 _ r,2 



p^ — 



+ 
+ 



p2 _|_ g,2 



{d^(x{p, x) ■ (3{q, x) - a{p, x)d^(3{q, x)) 

6{x-y), (3.14) 



(^p2 _ q2y 

pdpa{p, x) ■ d^l3{q, x) - qa{p, x)dqd^(5{q, x) 



p2 _ q2 



where a,/? G {a, a}. These Poisson brackets are of hydrodynamic type. 

Comparing the coefficients of 6'{x — y) in (I3.13p . (I3.14p with the metrics (12. 8p and 
(I2.80p on the Frobenius manifold A4m,n, we have the following result. 

Proposition 3.3 The bi-Hamiltonian structure associated to the Frobenius manifold 
■M.m,n is given by (I3.13P and (I3.14p for the dispersionless two-component BKP hier- 
archy. 

To obtain the principal hierarchy associated to A4.rn,ni let us introduce the Hamil- 
tonians 

V-u,p~i = / Ou^pdx, p>0 (3.15) 



with 



r 1 11 



2i + l(2p)!!27ri,Li 1 



V 2m ) 

2mr(p+l + 2i^) 

r(2^) 



az)^^{zrdz, 



u = f He Z): 



Tes^,=r^a[z 



2m-2j + l 



2™ dz, u = y (1 < J < rn) 



2n — 2fc + l 

res^=oQ(-g)^"^~^ dz, u = h [1 < k < n) 



[ 2nr(p+l + ^^^^^) 



Here C(^) = a(^) — d{z) and ip{z) = a{z) + d{z). 



(3.16) 
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Theorem 3.4 The principal hierarchy associated to the Frohenius manifold Airn,n 
consists of the following hi-Hamiltonian flows 



OF 



dT 



where 



F / 1 \" 

— ={i^,^.,p}i= b+2+/M {F,nu,p-i},, p>0, (3.17) 

u = f{ie Z); 



m — 2j + 1 

2m 
n-2k + l 

2n ' 



, u = {1 < j < m); 
u = (1< k < n). 



(3.18) 



Proof In comparison with fll.l5l) - fll.l7p . we have 



2m 



2n 



which are densities of Casimirs for the first Poisson bracket (cf. (11.81) ). According 
to the theory of Frobenius manifold and principal hierarchy pil| [TB] , we only need to 
check the recursion relation f)3.17p . 

Take u = t^ for example. It is easy to compute the gradients at point {a{z), d{z)): 



dn 



1 



t\p-i 



{2i + l){2p)\\ 



2i + l 



2i+l 



az)—ip{zr+paz)—ip{z) 



p-i 



>-2m+l 



<2n-l , 



Substituting them into (13. 6p and (13. 7p . we have 

Vi{dHt^,p) = {{a{z), (A^.^piz)).} , {(A,,p(z))+,a(^)}) , (3.19) 
V2mp,v-i)= + ^ + ({«(^),(Asp(2))-},{(Asp(^))+,a(2;)}) (3.20) 

with 



A^Az) = ^ , \„ C(^)^y^(^)^ 
' 2i + l(2p)!!^^ ^ ^ 

The other cases are similar. The theorem is proved. 

Proof of Theorem \1.3\ This is a corollary of Theorem 13.41 



□ 
□ 



Remark 3.5 To obtain the primary flows 9/9T"'° of the principal hierarchy, one can 
also use the formula (ll.7p and the 3-point functions computed in Section 2.3. The 
result coincides with that in theorem \1.3[ 
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Observe that the principal hierarchies with different m and n have their common 
part as the dispersionless two-component BKP hierarchy. In fact, comparing f ll.2ip 
with fl3.3|) and (13 ■4p one has 



I 2m J 



S2mp+2m-2j+l, 1 < J < ''^i; 



J - p / 2n-2fc+n S2np+2n-2fc+l, i < K < U. 



Definition 3.6 The hierarchy (11.211) (or equivalently (13.171) ) is called the {2m, 2n)- 
principal two- component BKP hierarchy. 

We end this section with two remarks on the principal two-component BKP hier- 
archy. 

Remark 3.7 Recall the canonical coordinates u^r in Section 2.4- The principal hier- 
archy (ll.2ip can also be represented in the following linear form: 



dUa_ 



(3.21) 



where 



2i + l 



p \ da{z) 
2C{z) i^)~d^ 



dz 



dA^^pi^z] 



dz 



with Au^p given in (ll.22p . 



u = f{ie Z); 

u = {1 < j < m); 

u = h^ (1< k<n) 



Remark 3.8 In |^ Chen and Tu rewrote the dispersionless two-component BKP hi- 
erarchy to a system of dispersionless Hirota equations of a free energy T . Given any 
solution T of such Hirota equations, one introduces 



J^i,j,k = ds^ds^dsf^T, i,j,k eZ' 



odd 



with S-k = Sk for k G and defines structure constants C[ ■ such that 
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Then T satisfies the following WDVV equations f^jj 

E ^L-^'-'^.'^ = E ^' h e (3.22) 

Observe that the associativity equations f l3.22p are different from those for the 
Frobenius manifolds Mlm,n- However, if we restrict the potential J^rn,n of Aim,n to 

J^m,n = J^m,n\rpt\p^Q^ Tl^^ •P=5p^oh3 , T'^'' •P=Spfih*' (3.23) 

and let m,n ^ oo, then the limit of ^m,n coincides with up to a linear transforma- 
tion of the time variables. 



4 Finite-dimensional Frobenius submanifolds 

The manifold M.rn,n can be represented as J^m,n ^ Mm,n- Here A^m .„ and Mm,n are 
submanifolds spanned by the flat coordinates {f \ i E 1i} and {/i-^j^^ U {h''}^^^ 
respectively. In other words, they are characterized by the functions ({z) and l{z) 
given in fll.l3p respectively. 

Let us consider the (m + ?7,)-dimensional submanifold Mm,n- For convenience its 
coordinates are redenoted as (recall fll.l6p and fll.l7p ) 

f 1 < a < m; 

= S ^ ^1 ~ ~ (4-1) 

\ h^+n+i-c^^ m+l<a<m + n. 

The projection M.rn,n — ^ Mm,n induces a Frobenius structure on Mm,n- After some 
straightforward calculation the following result is obtained (cf. Lemma 4.5 in [TO]). 

Proposition 4.1 The submanifold Mm,n is a semisimple Frobenius manifold with po- 
tential Fm,n given in fl2.62p . Let di, 82 and denote arbitrary tangent vector fields 
on this manifold. 

(i) The invariant inner product (flat metric) < , > and the 3-tensor c are 

r^ r^ dll(z) ' OoU z) , , , , 

<di,d2 >=resr(.)=o ^ ^ ' dz, (4.2) 



V{z) 

dii{z) ■ d2iiz) ■ d,i{z) 

I'iz) 



c(<9i,(92,<93) =resi/(^)=o ^73 -dz. (4.3) 



A system of flat coordinates for the metric < , > is given by {w°'}. 
(a) The unity vector field is e = d/dw^. 
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(in) The Euler vector field is 



m — a + 1 „ d f2{m + n — a) + l 1\ ^ d 



7-1 \ ^ IIL — U! -r X U — \ 



W 



m dw°' ^ V 2n 2m / dw'^ 

(4.4) 

(iv) Suppose l\z) = has 2{'m + n) pairwise distinct roots ±zi, ±Z2, ■ ■ ■ , ±Zm+n G C. 
Then the canonical coordinates defined by 

Ui = l{zi) = 1{-Zi), 2 = 1,2, ...,m + n (4.5) 

satisfy 

A. A = 5. A <AA>=5..A_ (4 6) 

dui duj dui dui duj ^^l"{zi)' 
(iv) The intersection form reads 

{du d,) = res.(.).o ^j^^ dz (4.7) 

Observe that the Frobenius manifold Mm,n coincides with the one defined on the 
orbit space of the Coxeter group -Bm+n by Bertola (see Appendix B in [T]) starting 
from a superpotential of the form l{z). In particular, the manifold A^m,i is defined 
on the orbit space C^^^/Dm+i of the Coxeter group -Dm+i- The Frobenius mani- 
folds Mm,n were reconstructed by Zuo [29], whose method is based on the polynomial 
contravariant metric of the orbit space induced from the Euclidean metric (see for 
example Lemma 4.1 in [10]) and different choices of unity vector field. 

As in [U [29] , one sees that in general the potential Fm,n for Mm,n is a polynomial 
in w^jw"^, . . . , w™'"'"", 1/w™"'""', and is a polynomial in w^, w"^, . . . , w"^~^^ if and only if 
n = 1. Following are the potentials for small m and n. 

Example 4.2 For n = 1, 

(4.8) 





(u;2)2^ 




12 












8 + 


4 y 


1 3840 


W^W^ + 1 






12 










1 


24 


432 J 



v-^ , , ,^2)2(^3)3 (^2)3^3 ^,,,3^ 



1296 216 1632960 

(4.10) 



For n> \, 
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-^2,2 



--W 



-W 



1 2 
WW 


w^w'^\ 


{w^f 


8 


' 4 j 


^ 3840 


{w^Y 


2 4 




12 


^ 6 


12 j 



,3\3 



32 



+ 



768 



+ 



6 w 



4 ' 



648 



(w'^)'^w^ w'^(w^)^ 



(w 



(4.12) 

3\5 



2w^ 



3{w 



4^2 



10(w;4)3" 
(4.13) 



In particular, the potential Fm,i coincides with the partition function that solves the 
Dm+i-niodel in topological field theory [17] up to a rescaling of the fiat coordinates. 

The projection from A^m,n to its submanifold Mm,n can be realized by setting 
a{z) = a{z) so that ({z) = a{z) — a{z) vanishes. Such a constraint corresponds to the 
(2 m, 2 ?7,)-reduction of the associated bi-Hamiltonian structure (13. 6p . (13. 7p . see [27] for 
details. Hence by using Theorem 11.31 we have the following result. 

Proposition 4.3 The principal hierarchy associated to Mm^n is the (2 m, 2 n) -reduction 
of the dispersionless two-component BKP hierarchy, i.e., 



dl{z) 



Qrpoi,p 



{Aq, ,p(z), l{z)}, 1 < a < m + n and p > 0, 



(4.14) 



where 



^«,p(^) 



\ 2m J 



2mr(p+l + ^) 



2(a--m)-l 
2n 



1 < a < m: 



2(a~m)-l 
2n 



m + l<a<m-\-n 



2nr \^p + l 

with l{zf/'^'^ = z + 0{z-^) as z^oo and l{zf''^''' = w"'+''z"^/2n + 0{z) as z 0. 



Particularly when n = 1, the hierarchy (I4.14p is the dispersionless limit of the 
Drinfeld-Sokolov hierarchy associated to Kac-Moody algebra -D^+i and the vertex cq 
of its Dynkin diagram, see [HI [22] for details. 

Therefore, Proposition 11.41 is proved. 

If we constrain l{z) by l{z)- = 0, then the fiows d/dT'^'P in (01]) with 1 < 
a < m are well defined, and they compose the dispersionless limit of the Drinfeld- 
Sokolov hierarchy of type {Bm\ Cq). This observation coincides with the fact that the 
polynomial potential for the Frobenius manifold on the orbit space of Coxeter group 
Bm is obtained by omitting the terms containing w°' with a > m in Fm,n- 

Remark 4.4 It is easy to see that the infinite- dimensional submanifold 

■Mm,n fulfills all conditions to define a Frobenius manifold except the existence of 

a unity vector field. A manifold of this kind is called a quasi-Frobenius manifold 

following Ji^ (see Section 3.2 there). Such manifolds will be studied in a follow-up 

work. 
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5 Conclusion and outlook 



For every pair of positive integers m and n, we have constructed an infinite-dimensional 
semisimple Frobenius manifold Aim,n on the space that consists of pairs of meromor- 
phic even functions (^a{z),d{z)) satisfying the conditions (M1)-(M3). Such Frobenius 
manifolds have rich geometric properties described in a similar way as in the finite- 
dimensional case. 

The bi-Hamiltonian structure (13.131) . fl3.14p of hydrodynamic type associated to 
the Frobenius manifold Aim,n is just the one for the dispersionless two-component 
BKP hierarchy. Based on this fact, we have obtained the Lax representation fll.2ip 
of the principal hierarchy for Mm,n, which is a wide extension of the dispersionless 
two-component BKP hierarchy. Note that the definition of the complementary flows 
d/dT^''P relies on the analyticity property of the functions a{z) and d{z). How to 
deform these flows, such as from d/dT^^'^ and d/dT^'^'^ to the full flows of the two- 
component BKP hierarchy, has not been considered. From another point of view, 
a tau function of the principal hierarchy can be defined by using the tau-symmetric 
Hamiltonian densities 9a,p in fl3.16p . Whether the tau function has a topological 
deformation, which might be governed by an analogue of the universal loop equation 
in [16], will be studied in subsequent publications. 

We have shown that Aim,n contains an (m + n)-dimensional Frobenius submanifold 
Mjn^n, which coincides with the semisimple Frobenius manifold defined on the orbit 
space of the Coxeter group Bm+n {oi D^+i when n = 1). Moreover, the principal 
hierarchy for Mm,n is shown to be the (2 m, 2 n)-reduction of the dispersionless two- 
component BKP hierarchy. In particular, when n = 1, the principal hierarchy is 
just the dispersionless limit of Drinfeld-Sokolov hierarchy of type (-D£^]^,co). It is 
interesting to look for infinite-dimensional Frobenius manifolds that contain Frobenius 
submanifolds defined on the orbit space of Coxeter groups besides types B and D, and 
relate them to integrable systems such as Drinfeld-Sokolov hierarchies. 

Finally, we hope that the present result would be helpful to achieving a normal 
form for infinite-dimensional Frobenius manifolds underlying 2 + 1 integrable systems. 
For instance, the technique here probably helps to generalize the result in [5] such 
that there is also a class of Frobenius manifolds for the dispersionless 2D Toda hierar- 
chy, and they possess submanifolds of finite dimension associated with the extended 
bigraded Toda hierarchy [H |2]. 
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Appendix: Proof of Lemma 



Proof of Lemma \2.1(h For any u,v,w,s E hUh,\et 



then 



Cuvw = - (resoo + reso j yr-: dz, (A.l) 



fir - rrP^ . dsdJ{z)-dJ{z)-dJ{z)+C.p.iu,V,w) 
Us^uvw — ~ y-^^oo "T I^^oJ V(z) 



. .dj{z) ■ dj{z) ■ dj{z) ■ dzdsl{z) 
+ (reSoo + resoj --r^ rf2;. (A.2) 



Here c.p. denotes the cychc permutation. To show the lemma, it only needs to check 
that flA.2p is symmetric with respect to u,v,w and s. We will employ the formulae 

(I237D, (E3HD and i^m> to do this. 

First, let us compute {2mYdhjiChnhj2hh- By using fl2.37p and f l2.4Up we have 
In this case the first term on the right hand side of flA.2l) yields 



- (2m) (reSoo + reso j dz 

= - ^eSc^ ^d^' 

- {x'-''^x)Jx'"'-''^^x')^ - {x'-''^x)M''^-'''x%)/z 

= - reSo.9,(x''^-^^-^^-^+^x')+ ■ x''''~'''-'''^'x'dz 

- Tes^d.{x'-~'^^~'^^^\X ■ ( - X^'^'^^ix'-'-'^'x'). - {x'"'^'''x)_X^''-'^')dz 
= - reSoo9,(x"""''''^''''"'x')+x'"~''''"'''+'x'^^^ 

- reSoo(x^-^^^-^^-^^-^^\'9.(x^"^^^^'^X + x''''^'''~'''^''^^\'Mx''-^'^'x') ^)dz 

- TeS^[{-2j, + l);^2™-2,.-2,.-2,.-,2(^,)2(^2„.-2,3^')_ 

+ (-2j3 + l)x'"'-'''-'''-'''^\xT{x'"'-'''x')_)dz. (A.4) 

Here and below the subscript "©" means that the operation of taking the nonnegative 
part of the series can be omitted. On the right hand side of (lA.4p the first term can 
be rewritten to 

Tes^x'"'-'^'-''*^\'d. ix'^^-'^'-'^'^'x) _dz 
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hence 

-reSoo^^x^'-^^'^-^^'^+^xO+X^-^-^^'^-^^'^+^x' 
On the other hand, (2m) ^ times of the last term of (lA.2p equals 



- (x^™-^^'^x')e(x''""'^'^x')_ - (x^^-'^'^xO-lx^-^-'^'^xOe)^^^ 
=res^X-^^'^-^^'^+^(x^"-^^'^x')+5.(x'"^-'^'^x') + ^^ 

- -soo^^ "^^^^ ^ (X-^-^^ (x^-"^-x') _ 

=reSooX"^^'^^^^'^+^ (X^'-^^^'X'^. (x^™"^^'^x') 

- (x^-^-^^'^xOe^^x'^-^^'^xO^ - {x'-'''x:)Mx''^-'''x:)^)jz 

+ reSooa. (^2^-2,.^,) _ ^ ^-2,.-2,3H-2 (^^^^^^^ 

=reSoo((2m - 2j4)x^™-2^'^-2^'^-2^'3-2^^^+i(xO' + x""~'''^"'''^"'''^"'''^+'x'x")^^^ 

- reSoox'"-'^'^-'^'^-'^'^+\'5. (X'^^'^'^X) 

+ resoo U^-^-^n-2n-2,.+2^Q^ (x'^-'^'^x') _ + cp. (ji, J2, Js)) 



+ res, 



(-2j2 - 2j3 + 2)x'™-'^'^-'^'^-'^'^+^(x')'(x'™-'^'^x')_ + c.p.(ji, J2, J3))t/^. 

(A.6) 

Substituting f[OD - f[OD into (1X2]) we obtain 



reSoo ( (5m - 2j, - 2j2 - 2j, - 2j, + ^ j^4,n-2,.-2,.-2,3-2.4+l(^/)3 
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1 



resoo (^^^-^-^n-2n-2H+2^Q^ ^^2m-2n _ + ,.p. (^■,, ^3, ^4)) rf^ 

+ + + C.p.(jl, J2, J3))c^^, (A.7) 

which is indeed symmetric with respect to ^1,^25^3,^4 ^ {1,2,..., m}. 

For u,v,w, s ^ h it is almost the same. With similar method, the other cases are 
easy to check by virtue of the fact dhjdf^kl{z) = 0. Therefore Lemma [2.101 is proved. 

□ 
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